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Decelerator Fabric Constants Required by the Generalized Form
of Hooke’s Law

V. L. ALLEY JR.* AND R. W. FAISONT
NASA Langley Research Center, Hampton, Va.

The availability of the required elastic constants for use in structural analyses of fabric structures is exceed-
ingly poor in comparison with the current situation for the common structural materials. Experiments with
nylon-polyurethane-coated fabric have indicated highly nonlinear characteristics of the elastic constants of
Hooke’s law, a strong dependency of these coefficients on all three membrane loads, and a lack of symmetry
in the Hookian relationships. A complete set of the nine coefficients of the generalized form of Hooke’s law

are furnished and analyzed for the test fabric.

Introduction

HE subject paper is on the second of two papers that are

an outgrowth of a NASA contractual responsibility to
furnish the material elastic constants for use in a structural
analysis of a parawing. The first of these papers (Ref. 1)
deals with the test apparatus and procedures for testing
cylindrical fabric specimens for determining the stress-strain
relationships from which the results of this paper have been
derived. :

Fabrics are being used widely as structural materials in the
aerospace field. Hence, the engineer is faced with the prob-
lem of structural design, deformation, and stress analyses
that intimately involve the fabric’s macroscopic mechanical
coefficients which are usually nonexistent. Also, there are
four mechanical constants (coefficients of interaction of the
first and second kinds?) that are significant to fabric deforma-
tion but can usually be neglected for the conventional struc-
tural materials. Furthermore, the material characteristics of
woven fabrics are not constant and are generally nonlinear
functions of the biaxial normal stresses and the accompanying
shear stresses.

It is the purpose of this paper to provide the full set of
Hookian coefficients associated with the stress-strain data of
Ref. 1. These coefficients represent the macroscopic mech-
anical characteristics needed for a continuum approach to
the structural analysis of a membrane fabric structure. The
generalized Hooke’s law for the two-dimensional anisotropic
planar stress problem involves nine coefficients. For con-
conservative materials, six of these coefficients are indepen-
dent and the remaining three are dependent. For fabric
materials, it is clearly observed from tests and from reasoning
that the straining is not conservative and nine elastic coeffici-
ents are found independent and necessary. The two-dimen-
sional form of the generalized Hooke’s law is indicated by

the following matrix equation.
Ew l/Ew ——‘le,f/Ef ﬂw,wf/G Oy
er| = | —prwl/Ew 1/E; NrwslG|{ 0 ¢))
Y Nowg,wl Ew Nws il Es /G T

The &, &5, and vy are strains in the warp and fill directions
and the shear deformation, respectively. Also, o, oy, and 7
are membrane stresses in the warp and fill directions and shear
stress, respectively. The diagonal terms are reciprocals of
Young’s moduli and the shear modulus. The p,,, and puy,,
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Fig.1 Shear moduli.
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Fig. 2 Young’s moduli.
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are Poisson’s ratios (contraction in the warp direction due to
strain in the fill direction and contraction in the fill direction
due to strain in the warp direction, respectively). The
Nws,w and 7y, coefficients of the last row and 7,,., and
77.ws coefficients of the last column are not too conventional
and are defined as coefficients of interaction of the first and
second kind, respectively, and relate shear strain to exten-
sional strain and vice-versa, respectively. The coefficients
of the “Generalized Hooke’s Law,” Eq. (1), can be related by
the following.

1 %ew  pws e Twwr 0w
E., éc,° E; 9o, G  or

Porow %6 108 Vs _ %5 o
Ey o0y’ E; 9o’ G or
Nwr.w — i’}’_ Nwr.r _ 87 l _ .al/
E da,,’ E oa,’ G or

tt, Iblin,

The preceding forms of the coefficients are applicable to
the piecewise linear concept of Eq. (1). The symbols &y,
and e, , are the strain in the fill and warp directions, respec-
tively, due to strains in the warp and fill direction, respectively.

Material Coefficients

For brevity, the general comments that follow are restricted
only to the results of test where the warp material is parallel
with the longitudinal axis of the cylindrical test specimen.
Nevertheless, the comments are equally applicable to the fill
data by simply switching the subscripts. Test data were
reduced by “least square” fits to the experimental data such
that a generalized function X = f (0w, 71) is defined analytic-
ally for fixed values of the third independent variable o,r.
The generalized variable X represents the Strains €w, €7y Ew,z»
&s.w, and y from which the desired material coefficients are
related by the partial derivatives shown by Eq. (2).
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Experimental data on a 2.25 oz nylon polyurethane-coated
fabric have been processed in accordance with the foregoing
procedures. Data for the off-diagonal coefficients and reci-
procals of the diagonal coefficients of Eq. (1) are submitted
on Figs. 1-5. It is expedient to maintain the thickness 7 with
the coefficients since they are obtainable directly as such.
The accuracy and validity of these types of data are influenced
by the rate of loading, incipient buckling, level of axial load,
uploading or downloading, loading sequence, history, and
numerous other factors. The E.tf, Gt, and p,,./E,t data
from the warp tests are symmetrical with respect to their
ordinate axes. Hence, they are the same for both positive
and negative values of 7¢. The %.s,w/Ewt and 7,,.s/Gt data
are antisymmetric about their ordinate axes, and, thus, are of
opposite signs for negative values of 7. For the surfaces
E,t and Gt having negative values of o,f, these coefficients
are set to zero. For the surfaces pysw/Ewtf, Nwr,w/Ewt, and
nw.ws/Gt having negative values of extensional stresses, the

Tt, 1ofin,

coefficients are set to minus infinity. Buckling for the warp
tests was not observed within the range of test values for the
circumferential loadings (o,¢) of 10 and 20 Ib/in., although
for the zero axial load curves (ot =0) excessive but stable
shear deformation was evident.

On inspection of the Hookian relationship [Eq. (1)] it is
noted that only one Gt coefficient is required among the nine
material characteristics. The Gt coefficient can be found
from both fill and warp test data and for ideal conditions
should be identical. The comparative Gt values from the
two processes are characteristically similar and quantitatively
in reasonable agreement; hence only the warp data are
shown. )

By use of the E,t data, it is easy to isolate uy,. from the
ratio py,./Ewt for specific states of stress. Typical values of
s and p.,r from the Poisson’s ratio functions for various
combinations of the independent variables are shown in
Table I. The value of p,,. approaches zero for incipient



214

V. L. ALLEY JR. AND R. W. FAISON

J. AIRCRAFT

WARP DATA
FILL DATA
0
50 -
\\ T~ 4
N \\:~.y20253035 0
AN 2
wi,w i Nt £ N \(/ 15
’EWt/lb T oft = Olblin./ 10
m. .
in./lp a L \\ y
/\ “=~——BUCKLE BOUND
P h
\\‘\ / oyt = Olbiin.
o .
\
\\
5
~02 I 7 5 ] -0 ] ; 5 4
Tt, tbfin. Tt, Ibfin,
0 50
45
40
-.01
£
it Fig.4 Elastic constants involving the
t -2 inftb coefficients of interaction of the first
Bl . kind,
in. /b ’
-.03
aft « 10 Ibfin. 5 oyt = 10 Ibfin.
Kl g,t=01lb/in,
5
- ] ; 5 4 2k I ; 3 !
Tt, Ibfin. Tt Iblin.
I 35 40.45 0
: 2
40
-.01
Nwt g
Egt
-.02 in. /b
Owf,w
Bt -0l
in.fib
-.03
oyt = 20 Ifin,
b o < 20 Ibfin. 5
o t=0itvin, = 01bfin.
-.q5) | | | j _ | | ! ]
7 02
tt, Ibfin. } 4 ! ‘18, I%/in. ’ ¢
Table 1 Typical values of Poisson’s ratio buckling and approaches minus infinity when fully buckled.
The significance of the negative Poisson’s ratio is explainable.
ot =10Ib/in. In torsional buckling, the cylindrical specimen twists and
warps extensively and reduces appreciably in circumference.
Hrw Pows As the axial load ot is increased, the twist is removed and
ot 0 10 20 o 10 20 the circumference begins to increase producing an increase
o t—: 10 034 028 019 10.20 0.18 0'13 in the normal strain (&;) which is opposite from the usual
o:t —120 0:33 0:33 0:32 0:18 01 4 0.06 Poisson’s ratio effect. It is suspected that the aforementioned
) phenomenon leading to negative Poisson’s ratios is peculiar
ot =20 1b/in. to the cylindrical test specimen under large twisting and would
not be as evident from a planar test fixture.
Horw Hows The coefficients of interaction of the first and second kinds
rr— 0 1.0 20 0 10 2.0 are symmetrically positioned in the Hookian relationship,
out =10 018 018 014 031 029 024 and for fabrics, they do show similar variations as well as
a:t= 20 024 024 024 020 007 010 similar magnitudes. It is speculated that the ideal behavior

of the coefficients of interaction of the first and seconds is to
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exhibit a proportional relationship to ¢, to be everywhere
negative, and approach zero asymptotically for large values
of the extensional stresses. It is seen on Fig. 5 that small
positive excursions of the data occured. This is attributed
to erratic data and undesirable features in the data fitting.
Their relative value to other coefficients is indicated by the
following numerical evaluation of the Hookian relationship for
a typical membrane force vector.

& 0.0043 —0.0052 —0.00281 (10
£7p = | —0.00045 0.0059 —0.012 }{10} =

v —0.016 —0.01 0.059 3

(—0.0045 0.059 —0.036)

[( 0.043 --0.052 —0.0084)]
(—0.16 ~0.15 0.18)

It is apparent from examination of the relative numbers
that the functions involving the coefficients of interaction of
both the first and second kinds are appreciable contributors
to the strains.

Further Research

The materials study has revealed needed research as to
methodology for structural analyses to accommodate asym-
metric Hookian relationships. New test procedures and
innovations in data processing are seen necessary to improve
accuracy of both the acquired and processed data. Also,
comparison of coefficients acquired from both planar and
cylindrical test specimens would be a valuable investigation.
The study of the two-dimensional material has indicated that
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similar effort should be considered for three-dimensional
anisotropic filamental materials. In particular, examination
of the importance of the off-diagonal coefficients for exotic
new boron filament composites is needed.

Conclusions

An evaluation of the material coefficients for a 2.25-0z
nylon fabric with polyurethane coating has resulted in the
quantization of nine independent nonlinear coefficients that
have not otherwise been investigated and assessed. The

J. AIRCRAFT

measured data reveal the coefficient matrix of the stress-strain
relationship to be unsymmetric and the material coefficients
to be nonlinear functions of the biaxial membrane loads
and accompanying shear load.
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